We revisit a rectangular barrier as well as a rectangular well (pit) between two rigid walls. The former is the well known double-well potential and the latter is a hole potential. Let |V 0 | be the height (depth) of the barrier (well) then for a fixed geometry of the potential, we show that in the double-well, E = V 0 (> 0), and in the hole potential (V 0 < 0), E = 0, can be energy eigenvalues provided V 0 admits some special discrete values. These states have been missed out earlier which emerge only when one seeks the special zero-energy solution of one-dimensional Schrödinger equation as ψ(x) = Bx + C.
One dimensional Schrödinger equation for free particle (zero potential)
admits ψ(x) = B sin kx + C cos kx,
and separately [1, 2] for k = 0
as solutions. Note that for k = 0, (2) becomes trivially a constant. The solution (3) may also not satisfy the boundary condition and fail to become an eigenstate. Like in the case of infinitely deep potential [1, 2] , it (3) vanishes identically while satisfying the boundary condition at x = ±a: ψ(±a) = 0. However, a surprising existence of such a zero-energy and zero-curvature eigenstate in the presence of Dirac delta potential has been revealed rather late [3] . Later investigations [4, 5] show that the specially designed potentials can give rise to eigenstates having zero-curvature in part(s) of the domain of the potential.
Recently, it has been shown [6] that when the Dirac delta potential V (x) = V 0 δ(x)
is placed symmetrically between two rigid walls, the zero-energy zero-curvature eigenstate does not exist when V 0 > 0 (double well potential) and it exists critically as a genuine ground state energy when Dirac delta potential lies symmetrically beneath the infinitely deep well (V 0 < 0) and mV 0 ā h 2 = −1. Such a state has been missed out in discussions on this interesting eigenvalue problem (Problem nos. 19 and 20 in Ref. [7] ).
The question arising here is whether the existence of such a state has been investigated in simple potential models discussed in textbooks [7] [8] [9] [10] . Here, we show that E = V 0 in the simple double well potential (rectangular barrier between two rigid walls, see the black line in Fig. 1 ) and E = 0 in the potential hole (the rectangular well between two rigid walls, see the gray line in Fig. 1 ) can be the discrete energy eigenvalues provided the potential parameters satisfy critical conditions. These special states remain generally elusive in the discussions about these potentials in the textbooks [7] [8] [9] [10] . These states are the consequence of the special zero-energy solution (3) of one-dimensional Schödinger equation which has been generally spared in these eigenvalue problems.
First let us place the Dirac delta potential V (x) = V 0 δ(x) non-symmetrically between two rigid walls at x = −a and x = c. See the faint vertical line depicting Dirac Delta Potential at x = 0 in Fig. 1 . We look for the possibility of a zero-energy eigenstate for V 0 > 0. We can write the appropriate solution of (1) with regard to (3) as: ψ < (x) = A(x+a), for −a < x < 0 and ψ > (x) = B(x − c) for 0 < x < c. Let us match these two wave functions at x = 0 to get Aa = B(−c). Due to the presence of Dirac delta the derivative of these wave functions will mismatch [7, 11, 12 ] at x = 0 to give B − A = 2mV 0 h 2 Aa. Elimination of A and B from the last two equations gives 2mV 0 ā h
We conclude that only negative values of V 0 can allow E = 0 to become an eigenstate provided the condition (4) is met. This is why the double well potential made of delta barrier placed symmetrically [6] or non-symmetrically can not admit zero-energy and zerocurvature eigenstate.
The simple double well potential is an often-discussed problem in textbooks [8] [9] [10] . However, while discussing its eigenvalue problem, E = 0, V 0 , have either not been checked to be an eigenvalue or they have been discarded, as the case-specific inappropriate solution (2) has been forced in the region
Here we use the appropriate solution (3) to detect that E = 0, V 0 can become eigenvalues of the potential as depicted in Fig. 1 . The double well or the hole potential ( Fig. 1 ) is written as
We propose to solve the discrete eigenvalue problem for this potential in (1). We consider three separate cases (i):
In the literature only case (ii) is discussed mostly for a symmetric double well [8] [9] [10] . The symmetric case of the hole potential (V 0 < 0) has also been discussed (see Problem no. 26 in Ref. [7] )
The Schrödinger equation in zero-potential region is (1) and for zero-energy we seek its solution as
which are compatible and vanish at their respective boundaries at x = −a and x = c. In the barrier region for zero-energy the Schrödinger equation is
whose solution is
Matching the wave functions and their derivatives at x = −b we get
Similarly at x = b we get 
Upon simplification we find the condition on the potential parameter for the existence of zero-energy eigenstate in the double well potential as:
Eventually, as each and every term in the above expression is positive definite, this equation cannot have real roots of q for fixed values of the widths d 1 and d 2 .
When we change V 0 to −U , q → ir and the hyperbolic functions become trigonometric and Eq. (12) becomes
This trigonometric implicit equation will have infinitely many roots for r(U n ), where the first root will give the depth (U 0 ) of the well so as to admit E = 0 as ground state. Then next roots U n will give values of depth so as to admit E = 0 as some n th excited state of the total potential.
Now we work out the usual [8] [9] [10] non-zero eigenvalues of the potential given in (5).
Instead of the solutions (6) we will now have for E = 0.
For the region −b < x < b we have
We match the solutions and their derivatives at x = −b, we get
Similarly, the matching conditions at x = b give
Again we demand the consistency of the above four Eqs. (16,17) and their non-trivial solutions for A, B, C, D, we get
The condition (18) simplifies to:
In above Eq. (19), the + (-) sign is to be taken for E > 0(< 0) It needs to be remarked that the Eqs. (6-13) can not be obtained as a limiting case of Eqs. (14, 19) . Although the Eqs.
(18,19) are for E = 0, yet k = 0 satisfies them spuriously. It can however be readily checked that both Eqs. (16) and (17) separately yield B = 0 = C. Thus, the already discussed zero-energy condition (12) on the potential parameters and the eigenfunctions in (6, 8) would lead to the correct treatment of E = 0 for the hole potential. Similarly, E = V 0 satisfies Eq. (19) un-intently and this energy requires a separate treatment which is given below.
Here, we define s = 2mV 0 h 2 and the solution of (1)
Once again the consistency condition for nontrivial solutions of A, B, C, D arising from Eqs. 
Upon expansion of this determinant we get
We would like to emphasize here again that Eqs. Table I for the first six discrete energy eigenvalues. We also study the cases of V 0 = 0, 10 for asymmetric case when a = 2, b = 1, c = 3 (see Table II ). For V 0 = 0 the discrete eigenvalues of infinitely deep well of width 5 units are recovered as E n = n 2 π 2 25
. Interestingly, in the asymmetric double-well the closely lying sub-barrier doublets of energy eigenvalues have disappeared.
This may not be a common experience. We, however, find that asymmetry in a double well may cause increased gap in successive even-odd pairs of eigenvalues compared to the case of a symmetric double well as displayed here.
The cases of V 0 = −5.0 (hole potential) in both Tables I and II display E 0 = 0 is the ground state eigenvalue of (5) when 0.4267 is the depth of the hole, then E 1 = 0 is the first excited eigenvalue when the depth of the hole is 3.3730, so on and so forth E 2 = 0 = E 3 = E 4 = E 5 = 0 are the excited states of four potentials plotted in Fig. 2 .
Notice that zero-energy eigenstates (say,ψ Z (x)) have the linear part (Bx + C) for |x| ≤ 1.
The other 5 discrete energy eigenvalues for these four potentials are available in Table I . We
to all the 5 other (listed in Table I ) eigenstates of the same potential.
In order to check the robustness of the zero-energy energy eigenstates we change V 0 to a value -0.5 (slightly different from the special value -0.4267) to increase the depth of the potential hole. Notice in the Table I 
Again in order to check the robustness of these states we increase the barrier height V 0 from the special value 0.6168 to 0.7 to find that all the levels including n = 0 are pushed up slightly. When we decrease the height V 0 from the special value 5.5516 to 5 one can see that all the levels including the n = 2 have been pushed down slightly. In 6,7) aptly display the ordinary eigenstates for a special hole and a special double-well potentials emerging from the usual analysis as given in Case (ii) above. Their special eigenstates which emerge from the Cases (i), (iii) and make the spectra complete are displayed in Figs. (2,4) , respectively. If these states are not included, the formidable oscillation theory [14] of Strum-Liouville eigenvalue problem will not be fulfilled. According to the oscillation theory the n th eigenstate has (n − 1) zeros (nodes).
Lastly, we conclude that for a fixed geometry the usual rectangular double-well and the hole potentials become special for some calculable discrete values of the height and depth parameter. Then the double-well entails the barrier-top eigenstate and the hole admits the zero-energy eigenstate. These eigenstates can be detected only by invoking the linear (Bx + C) solution of Schrödinger equation in the barrier region in the former case and out-side the hole in the latter case. But for these special eigenstates the spectrum of these special potentials would not be complete.
Appendix
The Eqs. The may be written as
These have a trivial solution (0,0,0,0). However if the determinant, ∆ =
the Eqs. (A-1) can also have infinitely many non-zero (non-trivial) solutions. See the determinants in Eqs. (11, 18, 24) . The first three of these equations can be solved by Cramer's method as
where
When these values of B, C, D are put in (A-1d) one recovers the consistency condition (A-2).
Here we have taken A as 1, however, one may take A = N n where N n is the normalization constant for a given eigenstate such that N Table   II . Table I . Table I ) is given in Fig. 2 . Notice that n = 4 state has positive eigenvalue (2.0305) hence it does not fall of exponentially around the endpoints like those of n = 0, 1, 2 eigenstates do. Table I ) is given in Fig. 4 . Notice that the almost linear behaviour of n = 3 eigenstate in x ∈ [−1, 1] is purely incidental.
